Common maths for physicists

associativity x(yz)=xyz=(xy)z

commutativity Xy =yx

distributivity a-(b+c)=(ab)+(ac)
reflexive X=X

symmetric X=y = y=Xx
transitive X=y Ny=z = Xx=z

identity (neutral) element of binary operation
eeX, xXe=eXx=x
inverse element  xXy =yXx =e

sinoc = 5[ 1—cos(2«x)]
cos’oc= 5[ 1+cos(20)]

sin® o = [ 3sin x—sin (3 )]

cos’ o = [3cos a+cos(3 )]
cos(x) = cos (—x)
sin(x) = —sin(—x)

sin(x+ y) = sinx cos y+siny cosx
cos(x*y) = cosx cosyFsinx sin y
sin(2x) = 2sinx cosx
2 -2
cos(2x) =cos” x—sin” x

2tan x . X 1—cosx

tan(2x) = ——— == J—
(2x) 1 —tan’x ln2 2

cot’x—1 X 1+cosx

t(2x) = —FF— == ,:
cot(2x) 2cotx 082 2

+
sinx=*siny = 25in(x—_'z)-cos(u)

2
COS X +Ccos y =+ZCos(x;y)-cos(%)
COSX—COS =—2sin(x+y)~sin(x_y)

2 2

2cosx cosy = cos(x—y)+cos(x+y)
2sinx siny = cos(x—y)—cos(x+y)
2sinx cosy = sin(x—y)+sin(x+y)

cosh’x—sinh’x = 1
sinh(2 x) = 2sinhx coshx
cosh(2x) = cosh’ x+sinh’x

arccos(z) = l,Ln(z+ z,—1)
i
arctan(z) = ZLI n%
arcosh(z) = Ln(z—i— 22—1), arsinh (z) = Ln(z—i— zz+l)
artanh (z) = %Ln%, arcoth(z) = %Ln iti
Derivatives
(@")'=a"Ina
log,x) " =
(log,x)’ = ——
) (arcsinx)’ = ;—2
(sinx)’ =cosx Vi—x
(cosx)’ = —sinx L 1
) (arccosx)'= — =
(tanx)’ = 5 l—-x
cos’x ,
| (arctanx)’ = 5
(cotx)' =—— I+x
sin“x , 1
(arccotx)’ =— 5
1+x

(sinhx)’ = coshx
(coshx)’ =sinhx

-1 ,_ 1
£ (o) _f(xo)’
dF(y) _d W _
dyy _Efamf( y)dx =
[0S L ) gy i), y187()

Integrals

=l moV2o.om_\3
6 2’ 4 2’ 3 2
Complex numbers
z=re?; r= |z|, @ = Arg(z)
ix ..
e = cosx+isinx
cosx = e sinx = e
2 ’ 2
i i(({l+2kﬂ)
Vre®=re' " | k=01,. ,n-1

Ln(z) = In|z|+i{Arg(z)+2km}; ke Z

X _ ax
fa dx = —ln(a)+C

f\/% = ln’x+\/xzil‘+C
x'x

f uv'de=uv — f vu'dx solution per partes (the same

for definite integral, just add boundaries)

I:OXM o g = 1:2:3..(2k=1)Vm

k+1  (2k+1)/2
2 a( )

J‘“"xzkﬂ —axld k!

0 = 2ak+1
+o0 2
f e dx = 2ﬁ Laplace-Gauss integral
a

, sin (x)cos”(x)dx = EB(TT)

fi} cos(x*) = f: sin(x?) = \/% Fresnel interals




E >0
S, B

0 =0
™

—-— B<0
2 B

Dirichlet integral

- f: smedx:
X

JIf aiv
$ _ Ed

dV= ffE ds — dS=N-ds Gauss-Ostrograd

= ff rot E-d S Stokes formula

is residue. It is used for:

45Cf(z)dz=2rriz Res{f(z)] where a, areisolated

k=1 z=a,
f(z) isanalyticon DU(C =0D) except
final number of isolated singularities a,

singularities.
and where (C is

simple contourand a,€D.; k=1,....,n; D.ND=0

Common definitions

Cauchy-Riemann equations

w=f(z)=flx+iy)=ulx,y)+iv(x,y)
in complex plane is existence of derivative in some point
equivalent to being continuous in that point for function

ou=0,v
A7 '(z,) = 7~ y
S (z) 0, v=—0,u
=0,u+idv| =0,v—idu

20 Zo

Cauchy-Riemann conditions
f ’(Zo)

Real and Imaginary part of Analytic function (has continuous
first derivative in open continuous area) are harmonic
functions.

Function is harmonicin D whenitis

Ulx,y)
continuous functionin D = DU@D , has continuous
second derivatives and meets Laplace partial diferential

equation:
o’u U
ox* 0y’

=AU=0, (x,y)€D

Cauchy integral theorem

In the following Cauchy integral ... is orientation of contour
the same and counter-clockwise (V).

for f(z)
Sﬁcf(z)dz =

analyticon DU(C =08D) is

$_f(z)d: = Z $, 1(z)dz )

Cauchy integral formula

for f(z) analyticon DU(C =0D) CND.=4 is
f(z)= Eﬁ S2)dg V z € D (area without holes)
2171 C—z
f ; f(g)dg
( 21'(1 Eﬁ Azl Sﬁ(k C—z )
—27_”43 f n+1’ n=0,1,...
Residue

z is isolated singularity of analytic function f(z) than

1

4 = Bff{f(Z)} =T

Laurent series

f©)dT

I':|z—al=r; O<r<e

e=1im(1+l) e‘:lim(1+_—1)
n n—o n

n—ow

. sinx
lim——=1

x>0 X

Special functions

= f: e 't 'dt, Vxe (0,00) Gamma function
I'(x+1)=xT(x) x€(0,)

n
F(n+% = (2n nl)"\/; neN
f (1=t "'dt x,y €R" Beta function
I'(x)I(y)
B =)
= Teey)
Series
Fourier series
flx): 21=T
f(x)~ % + Y ancosm;x +bnsinn7x
n=1

av=7 1 r(x)ds

a,= %J'j/f(x) osm;x dx
!
b,= %fﬁl f(x)sin n;rx dx
1! a
Tf—z fx)dx ==+ Z (a>+b?) Parseval identity or

n=1
equation which proves that system of trigonometric functions
is closed

Tailor formula
f(x)=T,x,a)+R,(x,a)

I\ZO f )]\



Ry(xv.a)= 4 o0 emed = L (o

(n+1)!
what is Lagrange form of remainder (residual) where
c€{a,x), c=a+9%(x—a)
Newton binomial series
n
(a+b)' = z (n)akb"_k
i=o\k

©

(1+X)a=;::0(3)x"= Y

x
W=0 (e—n)n!
from Tailor for Va € R, Vx:x|<1

Calculus of variations

Infinite series

Infinite sequence is convergent if the sequence of partial
sums (S, ) converges. Convergence tests for infinite
sequences:
Series with nonnegative elements
Cauchy integral criterion

f(x)=0, fe€C,,., (e continuous function)

and f is not increasing function on (0,+ o)

H_[medx and z f(n) are similar

n=1

with Lsomcthing() = llm ( )

appropriate variable — something

a
D'Alombert criterion L~ = <1 convergent
a >1 divergent

n

n <
Cauchy criterion La, = [ 1 convergent

>1 divergent

Raab criterion L n-

I_M =p | <1 diver
>1 conv

a n

Series with alternating signs
Leibnitz: say b, is series with alternating signs and

a,l0=0
0) than b,a,

(i.e. is monotonically decreasing (increasing) to

is convergent
Abel: ib, is convergent and {a,,} is monotonic and

bounded than ia"bn is convergent

Dirichlet: g 3} areboundedand {a,}i0=0 than

> a,b, Isconvergent

Fourier transformation

iwtdt e*iwxdw

flx) == gzl (e

and [ |f(x)fax= [ |F(wfdw

Functional of n functions
Ty (x),.0, p,(x)] =

[P (x).0, (0 ey (x),y, ()

+boundary conditions y,(a)= 4,, y,(b)= B,

k=1,...,n

Solution vector have to be solution of Euler's equations:

d{aF}_aF=

— 0
dx|0y,' 0y

k=1,..,n

Functional of two independent variables
Jlu(x, )l =
ﬂ Flx,y,u(x,y),0,u,0, uldxdy
D

D=DudD
0 D = region boundary

=g(x,y) ...

(x,y)€dD

Solution extremal have to be solution of Euler's equations

and meet boundary conditions:
oF oF 0F _

——-0,——0,— =0 ...
ou “Op Y 0q

+ u(x,y)

(x.y)eD
plx,y)=0u,

Functional of higher order derivatives
Jly(x)|=

[Pl y (), (6), oo ) L
+ y(k)(a) =4, y(k)(b) =B,

k=0,1,...,n—1
Solution have to be solution of Euler's equation:

a_F_i[a_F%d_z{aF }_ wogpd| OF
oy dx|0y' oy’ dx"| 0y
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